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Abstract. Let R be a local ring and M a finitely generated i?-module. The 
complete intersection dimension of M — defined by Avramov, Gasharov and 
Peeva, and denoted CI-dimfl(M) — is a homological invariant whose finiteness 
implies that M is similar to a module over a complete intersection. It is related 
to the classical projective dimension and to Auslander and Bridger's Goren- 
stein dimension by the inequalities G-dimj{(A r ) $J CI-dim^(A r ) $J pd^TV). 

Using Blanco and Majadas' version of complete intersection dimension for 
local ring homomorphisms, we prove the following generalization of a theo- 
rem of Avramov and Foxby: Given local ring homomorphisms tp : R — > S and 
ip : S — > T such that tp has finite Gorenstein dimension, if ip has finite com- 
plete intersection dimension, then the composition ipotp has finite Gorenstein 
dimension. This follows from our result stating that, if M has finite complete 
intersection dimension, then M is C-reflexive and is in the Auslander class 
Ac (R) for each semidualizing ij-complex C. 



Introduction 

Let R be a local ring and N a finitely generated -R-module. The projective 
dimension of N, denoted pd R (N), is by now a classical invariant, and much research 
has shown that modules of finite projective dimension have properties similar to 
those of modules over a regular local ring. Motivated by this, Auslander and 
Bridger [I] introduced the Gorenstein dimension of N, denoted G-dirUij(-/V), which 
is an invariant whose finiteness detects properties similar to those for modules over 
a Gorenstein ring. More recently Avramov, Gasharov and Peeva [9] defined the 
complete intersection dimension of N, denoted Cl-dim^./V), which plays a similar 
role with respect to the complete intersection property. Corresponding to the well- 
known hierarchy of rings, there are inequalities 

G-dim fl (AT) < GI-dim il (iV) < pd R {N) 

with equality to the left of any finite quantity. See Sections [T] and [5] for foundations 
of Gorenstein dimensions and complete intersection dimensions. 

Avramov and Foxby [6j used Auslander and Bridger's Gorenstein dimension to 
define what it means for a local ring homomorphism tp: R — > S to have finite Goren- 
stein dimension. Note that one cannot simply define the Gorenstein dimension of 
tp to be G-dim^(S'), as S is not assumed to be finitely generated as an i?-module. 
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Avramov and Foxby overcome this technical difficulty by using the Cohen factoriza- 
tions of Avramov, Foxby and Herzog j8j to replace tp with a related homomorphism 
ip' : R' — > S which has the added benefit of being surjective so that G-dimi{/ (S) is 
defined. Blanco and Majadas [T2] use the same idea to study local homomorphisms 
of finite complete intersection. 

Avramov and Foxby [6] asked the following: given two local ring homomorphisms 
tp: R — > S and tp : S — > T of finite Gorenstein dimension, must the composition tpotp 
also have finite Gorenstein dimension? They were able to answer this question, for 
example, when tp has finite flat dimension. We move one step closer to answering 
this question in general with the following result; see Theorem 16.21 

Theorem A. Let (p: R — > S and tp: S —> T be local ring homomorphisms. If tp 
has finite Gorenstein dimension and tp has finite complete intersection dimension, 
then the composition ip o tp has finite Gorenstein dimension. 

We also establish the following complete-intersection analogues of results of 
Avramov, Iyengar and Miller [10] and Foxby and Frankild [20j . The first is proved 
in 16.41 The second one is contained in Corollary 16.71 and can also be thought of as 
an injective version of a result of Blanco and Majadas [T2"] . 

Theorem B. Let tp: R — > S be a local ring homomorphism. Then tp has finite 
complete intersection injective dimension if and only if R is Gorenstein and ip has 
finite complete intersection dimension. 

Theorem C. A local ring of prime characteristic is a complete intersection if and 
only if some (equivalently, every) power of its Frobenius endomorphism has finite 
complete intersection injective dimension. 

Theorem [A] is proved using the Auslander classes introduced by Avramov and 
Foxby [6] and generalized by Christensen [13] ; see 11.121 Much recent research has 
been devoted to the study of these classes, not only because of their connection to 
the composition question of Avramov and Foxby, but also because the objects in 
these classes enjoy particularly nice homological properties. 

Each Auslander class of i?-complexes contains every bounded i?-module of finite 
flat dimension. The next result greatly enlarges the class of objects known to be in 
each Auslander class; it is contained in Theorem 15. II 

Theorem D. If R is a local ring and M an R-module of finite complete intersection 
flat dimension, then M is in the Auslander class Ac(R) for each semidualizing R- 
complex C. 

Here, the complete intersection flat dimension of M is a version of complete 
intersection dimension for modules that are not necessarily finitely generated. We 
actually prove a more general result for i?-complexes and also a dual result in terms 
of upper complete intersection injective dimension CI*-idij(M) and the Bass classes 
Bc(R). In particular, when R admits a dualizing complex D R , these complete 
intersection dimensions determine natural subcategories Cl-T(R) C Adr (R) and 
CI*-I(R) C Bdr(R). The next result shows that "Foxby equivalence" between the 
categories Ajjr(R) and B d r(R) restricts to an equivalence of categories CI-J r (R) ~ 
C1*-1{R); seeOfor the proof. 

Theorem E. Let R be a local ring admitting a dualizing complex D R , and let M 
be a homologically bounded R-complex. 
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(a) CI-fdii(M) < oo if and only if Cl*-id R (D R ® R M) < oo. 

(b) Cr-idfl(M) < oo if and only if Cl-fd R (TLRom R (D R , M)) < oo. 

A special case of this theorem augments a result of Levin and Vasconcelos and 
is in Corollary 15.71 When R is Gorenstein, one has CI-fd^(M) < oo if and only if 
CI*-id_R(M) < oo. Other results of this type are proved in Section [4j 

By definition, if M is an i?-complex of finite complete intersection flat dimension, 
then there exists a "quasi-deformation" R — > R' Q such that fdQ (R' <8>^ M) is 
finite; see 12.31 and 12.41 It is commonly known that one can exert a small amount of 
control on the structure of this quasi-deformation. For instance, one may assume 
without loss of generality that the closed fibre of (p is artinian (hence, Cohen- 
Macaulay) and that Q is complete. One piece of technology that allows for more 
flexibility in our analysis is the following result, proved in 13.21 

Theorem F. Let (R,m) be a local ring and let M be a homologically bounded R- 
complex. Then CI-fd^(M) < oo if and only if there exists a quasi-deformation 
R — > R" <— Q' such that Q' is complete, the closed fibre R" /mR" is artinian and 
Gorenstein, and idQ> (R" <8>j? M) is finite. 

Many of the results in this paper can be stated strictly in terms of modules with- 
out losing their flavor. However, some of our proofs require the use of complexes. 
For this reason, we work almost entirely in the derived-category setting. Section [1] 
contains a summary of the basic notions we use. 

1. Complexes and Ring Homomorphisms 

Let (R, m, k) and (S, n, I) be commutative local noetherian rings. 

Definition/Notation 1.1. We work in the derived category T>(R) of complexes 
of -R-modules, indexed homologically. References on the subject include [231 |2"S] . 

A complex M is homologically bounded if Hj(Af) = for all \i\ ^> 0; and it 
is homologically finite if ®jHj(Af) is finitely generated. Let T>b(R) denote the 
full subcategory of T>(R) consisting of the homologically bounded i?-complexes. 
Isomorphisms in T>(R) are identified by the symbol ~, and isomorphisms up to 
shift are designated by ~. 

Fix i?-complexes M and N. Let inf(M) and sup(M) denote the infimum and 
supremum, respectively, of the set {n 6 Z | H n (M) ^ 0}, and set amp(Af) = 
sup(M) - inf (M). Let M and RHom^A/, N) denote the left-derived tensor 

product and right-derived homomorphism complexes, respectively. For each integer 
i, the ith suspension (or shift) of M, denoted Y. l M, is the complex with (Y. l M ) n = 
Mn-i and d%' M = (-lfd^. When M is homologically bounded, let pd fl (Af), 
fd R (M) and id R (M) denote the projective, flat and injective dimensions of M, 
respectively, as in Let V(R), J~{R) and T(R) denote the full subcategories 
of X>b(i?) consisting of the complexes with, respectively, finite projective, flat and 
injective dimension. 

We shall have several occasions to use the following isomorphisms from [3j (4.4)]. 

Definition/Notation 1.2. Let R — > S be a ring homomorphism, and fix an R- 
complex L and S'-complexes M and N. Assume that each i?-module Hi(L) is 
finitely generated and inf(L) > — oo. 
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The natural tensor- evaluation morphism 

ujlmn ■ RUom R (L, M) ®jiV-» RHom fl (L, M ®^ AT) 

is an isomorphism when sup(M) < oo and either L G V{R) or N E 3~(S). 
The natural Horn- evaluation morphism 

Olmn ■ L ®^ RHom 5 (M, N) -> RHom 5 (RHom B (L, M),N) 

is an isomorphism when M £ T>\,(S) and either L 6 "P(i?) or TV 6 I(S). 

Remark 1.3. Let M be a homologically finite i?-complex with pd R (M ) < oo and 
let N be a homologically bounded i?-complex. Because M is homologically finite 
and pd R (M) < oo, we know from [T31 (2.13)] that the i?-complex RHom^(M, R) is 
homologically finite and has finite projective dimension. Hence, tensor-evaluation (| 1 . 2[) 
yields the first isomorphism in the next sequence, and the second isomorphism is 
tensor-cancellation: 



Definition/Notation 1.4. Let ip: R — > S be a local ring homomorphism. We 
denote by R the completion of R at its maximal ideal and let e R : R — ► R denote 
the natural map. The completion of tp is the unique local ring homomorphism 
(p: R — > S such that (po er — £s ° V- The semi- completion of <p is the composition 
(p = e s o (p: R S, and the flat dimension of t/3 is (d((p) = idn(S). By [SJ (1.1)] 
the map y> admits a Cohen factorization, that is, there is a diagram of local ring 

homomorphisms, R ^ R' — > S 1 , where p — p' o (p, with ^ flat, the closed fibre 
i?'/mi?' regular, i?' complete, and <p' surjective. 

Definition/Notation 1.5. A homologically finite i?-complex C is semidualizing 
if the homothety morphism \c • ^ * RHom^ (C,C) is an isomorphism in D(R). 
A complex D is dualizing if it is semidualizing and id#(Z)) is finite. 

Remark 1.6. Let *p>: R — > S 1 be a local ring homomorphism of finite flat dimension 
and let M be a homologically finite i?-complex. From p~3j (5.7)] and [23l (4.5)] we 
know that S®\M is semidualizing for S if and only if M is semidualizing for R, and 
S®pM is dualizing for S if and only if M is dualizing for R and 99 is Gorenstein by [4j 
(5.1)]. For example, the map ip is Gorenstein if it is flat with Gorenstein closed 
fibre [H (4.2)] or surjective with Ker(ip) generated by an i?-regular sequence [4j 
(4.3)]. Consult [4] for more information on Gorenstein homomorphisms. 

Remark 1.7. If R is a homomorphic image of a Gorenstein ring, e.g., if R is 
complete, then R admits a dualizing complex by (V.10.4)]. 

Definition/Notation 1.8. Let C be a semidualizing i?-complex. A homologically 
finite i?-complex M is C-reflexive if the complex RHomfl(M, C) is homologically 
bounded and the biduality morphism 6^ : M — > RHom/?(RHomi?(M, C), C) is an 
isomorphism in T>(R). Set 



When C = R we write G-dimfl(M) in lieu of Gft-dim^(M); this is the G-dimension 
of Auslander and Bridger pQ and Yassemi [36] . 



RHom fl (M, i?) <g>^ TV ~ RHom fl (M, R <gi R N) ~ RHom fl (M, iV). 




inf (C) - inf (RHom fl (M, C)) if M is C*-reflexive 



00 otherwise. 
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Remark 1.9. Assume that R admits a dualizing complex D. Each homologically 
finite i?-complex M is D-reflexive by [Ml (V.2.1)], and [13, (2.12)] tells us that M 
is semidualizing for R if and only if RHomft(M, D) is so. 

Definition 1.10. Let C be a semidualizing i?-module. 

An R- module G is Gc -projective if there exists an exact sequence of i?-modules 

a? a, A ' a? 9 X , a x 2 

X = U P 1 -U P -2-* c ® R P-i C ® R P-2 ■ • • 



such that G = Coker^^ ), each Pj is projective, and Hom^AT, C ®r Q) is exact 
for each projective i?-module Q. 

An i?-module G is Gc-flat if there exists an exact sequence of R- modules 

y = -..?Lf 1 ?Lf ?Lc® r f^^c® r f_ 2 ^... 



such that G = Coker(<9^), each Fi is flat, and Hom R (C, J) <8.r Y is exact for each 
injective i?-module /. 

An i?-module G is Gc -injective if there exists an exact sequence of i?-modules 

Z=-.. d L Hom B (C, h) ?L Rom R (C, I ) ?L I_ x ^ I_ 2 . . ■ 



such that G = Coker(<9f ), each Ii is injective, and Hom R (Hom R (C, I), Z) is exact 
for each injective i?-module /. 

Let M be a homologically bounded i?-complex. A Gc -projective resolution of 
M is an isomorphism H ~ M in where 77 is a complex of Gc-projective 

R- modules such that H j = for all z 0. The Gc -projective dimension of M is 

Gc-pd^(M) := inf{sup{n | H n ^ 0} | H ~ M is a Gc-projective resolution}. 

The Gc-flat dimension of M is defined similarly and denoted Gc-fd^(M), while 
the Gc -injective dimension Gc-id R (M) is dual. When C = R we write G-pd fi (Af ), 
G-fdfl(M) and G-id^(M ); these are the G-projective, G-flat, and G-injective di- 
mensions of Enochs, Jenda and Torrecillas |16| 117] . 

Remark 1.11. Let C be a semidualizing ii-module, and let R k C denote the 
trivial extension of R by C. Let M be a homologically bounded i?-complex, and 
view M as an R k C-complex via the natural surjection R k C — > i?. From [27l 
(2.16)] there are equalities 

G c -pd R (M) = G-pd fiKC (M) G c -fd R (M) = G-id RKC (M) 

G c -id R (M) = G-id RKC (M). 

It is known in a number of cases that the quantities Gc~pd R (M) and Gc-!d R (M) 
are simultaneously finite. When C — R and i? admits a dualizing complex, this is 
in EH (4.3)]. When M is a module, it is in [HI (3.5)] and [33 (3.3)]. We deal with 
the general case in Proposition 14.31 

The next categories come from |SJ[13] and are commonly known as Foxby classes. 

Definition/Notation 1.12. Let C be a semidualizing i?-complex. 

The Auslander class with respect to C is the full subcategory Ac(R) Q T\(R) 
consisting of the complexes M such that C ®\ M G T>^{R) and the natural mor- 
phism jfi '■ M — > RHom^(C, C ®\ M) is an isomorphism in V(R). 

The Bass class with respect to C is the full subcategory Bc{R) Q T^b(R) con- 
sisting of the complexes N such that RHoiriR(C, N) G 2?b(P) and the natural 
morphism £^ : C <g)^ RHom^(C, M) ^ M is an isomorphism in V(R). 
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Remark 1.13. Let C be a semidualizing i?-complex, and let X be a homologically 
bounded i?-complex. If fd#(X) < oo, then X G Ac(R)', if idn(X) < oo, then 
Z G B C (H); see H3 (4.4)]. 

Let <£>: R — > 5 be a local homomorphism such that 5 G „4c(-R)i e.g., such 
that fd(</?) < oo. From [13l (5.3)] we learn that S ®\ C is a semidualizing S- 
complex. Furthermore, for any S'-complex Y, we have Y G .4c (i?) if and only 
if Y G ^ S(8 i. c ()S), and Y G Sc(-R) if and only if Y G B s ^l c (S). When <^ has 
finite flat dimension, one has X G ^4c(i?) if and only if S ®^ X G .A^l^S), and 
X G B C {R) if and only if S ®\ X G £ S{3 l c (S) by [H (5.8)]. 

Remark 1.14. Let C be a semidualizing i?-module and assume that R admits a 
dualizing complex D. For each homologically bounded i?-complex M, we have 

(a) Gc-fdfl(M) < oo if and only if M G A RiiomR (c,D)(R), and 

(b) Gc-idfl(M) < oo if and only if M G S RHoniB ( Ci _ D )(Ji). 

This is from [27l (4.6)]. We improve upon this in Proposition 14.31 below. 

Remark 1.15. Let C be a semidualizing i?-complex and assume that R admits 
a dualizing complex D. For each homologically finite i?-complex M, we have 
Gc-dim^M) < oo if and only if M G A RHomRic , D )(R) by [Ml (4.7)]. 

2. GORENSTEIN AND COMPLETE INTERSECTION DIMENSIONS 

In this section, we introduce natural variations of existing homological dimen- 
sions, beginning with the Gc-version of the main player of [28] . 

Definition 2.1. Let ip: R — > S be a local ring homomorphism and M a homologi- 
cally finite S'-complex. Fix a semidualizing i?-complex C and a Cohen factorization 

R —> R' — > S of (p. The Gc-dimension of M over ip is the quantity 

G c -dim y (M) := G^Lc-dim^ (§ ®g M) - edim(^>). 

The Gc-dimension of ip is Gc-dim(<^) := Gc-dim v (S). In the case C = R, we 
follow [28] and write G-dim ¥> (M) := Gfl-dim v (M) and G-dim(yj) := Gu-dim((p). 

Properties 2.2. Fix a local ring homomorphism (p: R — > 5, a Cohen factorization 
R —> R' S oi <p, a, homologically finite S-complex M, and a semidualizing i?- 
complex C. 

2.2.1. If i? — > i?" — > S is another Cohen factorization of ip, then the quantities 
G fi ./ ( g,L C -dimjf/(S' ®g M) and G H » 8 i. c -diiriR« (S ®g M) are simultaneously finite. 
This is proved as in [28j (3.2)] using [13, (6.5)] and [H (4.4)]. It shows that the 
finiteness of Gc-dim v (M) does not depend on the choice of Cohen factorization. 

2.2.2. Arguing as in [251 (3-4.1)], one concludes that the quantities Gc-dim v (X), 
Gc-dim^(5 ®g X), and G ^ L c -dim^(5 (8>§ X) are simultaneously finite. 

2.2.3. Let D R and be dualizing complexes for R and R', respectively. The 
following conditions are equivalent. 

(i) Gc-dim^M) < oo. 

(ii) Gjj^L C -di mj j-(S^ M) < oo. 

(iii) S ®^ M is in ^RHom R ,(i?'®L C ^H' ) (i?')- 
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(iv) S ®£ M is in A RHoin ^v c>D n } (R). 

When R possesses a dualizing complex D R , these conditions are equivalent to: 

(v) M is in A RHomR{c ^ D B. ) (R). 

This is proved as in [28l (3.6)] using Remarks 11.131 and II. 151 

2.2.4. If R admits a dualizing complex D, then [T3l (5.1)] and (|2.2.3p show that 
Gc-dim(y)) is finite if and only if S , 0^RHomfl(C, D) is a semidualizing 5-complcx. 

2.2.5. If D is dualizing for R, then Gu-dim^M) is finite. Indeed, because ip is flat 
with Gorenstein closed fibre, the complex R' ®\D is dualizing for R' by Remark ll.61 
so the desired conclusion follows from the definition using Remark [I~9l 

We continue with complete intersection dimensions. When M is a module, Def- 
inition [23] is from [33], which is in turn modeled on [9]. 

Definition 2.3. Let J? be a local ring. A quasi- deformation of R is a diagram of 
local ring homomorphisms R — > R 1 ^- Q such that ip is flat, and r is surjective 
with kernel generated by a Q-regular sequence; if the kernel of t is generated by a 
(J-regular sequence of length c, we will sometimes say that the quasi-deformation 
has codimension c. 

Definition 2.4. Let (R, m) be a local ring. For each homologically bounded R- 
complex M, define the complete intersection projective dimension, complete in- 
tersection flat dimension and complete intersection injective dimension of M as, 
respectively, 

CI- P d,(M) := inf [ P d Q (R> ^ M) - P d Q W 

R -> i?' <- Q is al 
quasi-deformationj 

i? -> i?' <- Q is al 
quasi-deformationj ' 

When M is homologically finite we follow [9] [34] and define the complete intersection 
dimension of M as CI-dim/?(Af) := Cl-pd R (M). 

Remark 2.5. Let R be a local ring and M a homologically bounded i?-complex. 

Given a quasi-deformation i? — > i?' <— Q, a result of Gruson and Raynaud [32] 
Seconde Partie, Thm. (3.2.6)], and Jensen [551 Prop. 6] tells us that the quantities 
pdg(i?' Cg)^ M) and fdQ(i?' (g>^ M) are simultaneously finite. From this, it follows 
that CMd R (M) < oo if and only if CI-pd^(M) < oo. 

Arguing as in [9] (1.13.2)] and using [3] (4.2)], one deduces that the quantities 
CI-fdij(M) < oo if and only if GMd^(R ®Jj M) < oo. On the other hand, we 
do not know if CI-idij(M) < oo implies CI-id^(i? (g>^ M) < oo. See, however, 
Corollary 00. 

We make the next definition for our version of Foxby equivalence in Theorem [El 

Definition 2.6. Let (i?,m) be a local ring and M a homologically bounded R- 
complex. Define the upper complete intersection injective dimension of M as 

R — > R' <— Q is a quasi-deformationj 
such that i?' has Gorenstein formal > . 
fibres and R' /mi?' is Gorenstein J 



CI-fd iJ (M) := inf |fd Q (i?' ®\ M) - pd Q {R') 
CI-idij(M) := inf jid Q (i?' ®^ M) - pd Q (i?') 



rT *., njr . ■ , I id Q (R' <»rM) 
CI -id R (M):= ml { % d * (jR ') 



s 
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Remark 2.7. The formal fibres of R' are Gorenstein when R' is complete or, more 
generally, when R' is excellent or admits a dualizing complex. 

Remark 2.8. Let R be a local ring and M a homologically bounded i?-complex. 
If Cl*-id R (M) < co, then the definitions imply CI-idij(M) < oo. 

Question 2.9. Let R be a local ring and M a homologically bounded i?-complcx. 
If CI-idfl(M) < oo, must we have CT-id R (M) < oo? 

Remark 2.10. Assume that R is a complete intersection and M is a homologically 
bounded i?-complex. Arguing as in [9, (1.3)], we conclude CTpd H (M) < oo, and 
similarly for CI-fd R (M), CI-id R (M) and CI*-id R (M). 

The following formulas are complete intersection versions of the classical Bass for- 
mula for injective dimension. Note that the analogue of the Auslander-Buchsbaum 
formula for complete intersection dimension was proved in |34[ (3.3)]. 

Proposition 2.11. Let R be a local ring and M a homologically finite R-complex. 

(a) IfCI-id R (M) < oo, then CI-id fl (M) = depth (.R) - inf(M). 

(b) IfCT-id R (M) < oo, then CT-id R (M) = depth(i?) - inf(M). 

Proof. (jaj We begin by observing the equality 



CI-idji(M) = inf 



id Q (R' ® R M) 
-pd Q (R') 



R — > R' <— Q is a quasi-deformation) 
such that R 1 /mR' is artinian J 



where m is the maximal ideal of R. Indeed, the inequality follows from the 
fact that the collection of all quasi-deformations contains the collection of all quasi- 
deformations R — > R' <— Q such that R' /mR' is artinian. For the opposite inequal- 
ity, fix a codimension c quasi-deformation R — > R' <— Q. Choose a prime ideal 
P e Mm R >(R'/mR') and set p = ^{P). From (5.1.1)] we conclude 

id Qp (R'p ®r M) = id Qp {(R 1 ®l M)p) <; idg(i? ' l M) _ 

One checks readily that the localized diagram R R' P Q p is a quasi- 

deformation and that the closed fibre R' P /mR' P = (R' /mR')p is artinian. With 
the equalities pdg(i?') = c = pdg p {R' P ), this establishes the other inequality. 

Assume Cl-id R (M) < oo and fix a quasi-deformation R — > R' *— Q such that 
R' /mR' is artinian and idq(R' ® R M) < oo. The Q-complex R' ® R M is homolog- 
ically finite, so the Bass formula and Auslander-Buchsbaum formulas provide the 
first equality in the following sequence: 

id Q (R' ® R M) ~ pdg(iZ') = [depth(Q) - w£(R' ®« M)] - [depth(Q) - depth(i?')] 

= - inf(M) + depth(i?') 
= depth(i?) - inf (M). 

The second and third equalities follow from the fact that <p is flat and local with 
artinian closed fibre. Since this quantity is independent of the choice of quasi- 
deformation, only depending on the finiteness of idg(i?' ®\ M), the advertised 
formula follows. 

Part JbJ is established similarly. □ 



We close this section with relative versions of complete intersection dimensions. 
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Definition 2.12. Let tp: R — > S be a local ring homomorphism and M a homo- 
logically finite S'-complex. The complete intersection dimension of M over tp and 
complete intersection injective dimension of M over tp are, respectively, 



CI-dim^M) := inf <^ Cl-dim^S ®^ M) - edim(^) 



CI-id v (M) := inf <^ CI-id R >(S (gig M) - edim(^) 



R R' ^ S is a Cohen 
factorization of 

1+ R> OL, S is a Cohen j 
factorization of tp J 



The complete intersection dimension of if and complete intersection injective di- 
mension of (p are Cl-dim(tp) := Cl-dim^S) and Cl-id(y) := CI-id v (S'). 

Remark 2.13. We do not introduce CI-pd„(M) and CI-fd v (Af) because they 
would be the same as CI-dim v (M) by Remark 12.51 On the other hand, we do not 
introduce CI*-id ¥ ,(M) because we do not need it for our results. 

Properties 2.14. Fix a local ring homomorphism tp : R — > S, a Cohen factorization 
R — > i?' — > S 1 of tp, and a homologically finite 5-complex M. 

2.14.1. If R is a complete intersection, then CI-dim v (M) and CI-id ¥ ,(M) are finite. 
This follows from Remark 12.101 because the fact that tp is flat with regular closed 
fibre implies that R 1 is a complete intersection. 

2.14.2. As in (|2.2.2|) one checks that the quantities CI-dim v (M), CI-dim^S&^M) 
and Cl-dim^S* <8>g M) are simultaneously finite, as are the quantities CI-id ¥ ,(M), 
Cl-id^S ®^ M) and Cl-id^S ®^ M). 

Questions 2.15. Let tp: R — > 5 be a local ring homomorphism and M a ho- 
mologically finite S'-complex. Is the finiteness of CI-dim ¥ ,(M) and/or CI-id v (M) 
independent of the choice of Cohen factorization? Are CI-dim v (M) and CI-fdjj(M) 
simultaneously finite? Are CI-id„(M) and CI-id^(M) simultaneously finite? 

3. Structure of Quasi-Deformations 

Given a quasi-deformation of R, we show in this section how to construct nicer 
quasi-deformations that are related to the original one. One outcome is the proof 
fin l3.2[) of Theorem [F] from the introduction. This is similar in spirit to [5J (1.14)], 
but different in scope, and will be used frequently in the sequel. 

Lemma 3.1. Let R R' ^— Q be a codimension c quasi-deformation of the local 
ring (R,m) such that R'/mR' is Cohen- Macaulay. There exists a commutative 
diagram of local ring homomorphisms 




such that tp' is flat with Gorenstein closed fibre, t' is surjective with kernel generated 
by Q' -regular sequence of length c, the natural map R! ®qQ' — > R" is bijective, and 
one has Tor^i?', Q') = and dim{R" /mR") = dim( R'/mR') . 
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Proof. Fix a Cohen factorization R — ► S — ► R' of the semi-completion <£: R—*R'. 
Because </? is flat with Cohen-Macaulay closed fibre, we know from [8] (3. 8.1), (3. 8. 3)] 
that R' is perfect as an S- module, say, of grade g. This yields Extg (R', S) = for 
each n ^ g, so there is an isomorphism RHoms(i?', S) ~ Ext|(i?', S 1 ). (In the 
language of [6] this complex is dualizing for ip. See [6l 122] for more properties and 
applications.) In particular, the i?'-complcx RHoms(i?', S) is semidualizing by [T3l 
(6.6)], and so the module C — Ext 9 s (R',S) is a semidualizing i?'-module. Hence, 
we have from the definition Extzi(C, C) = 0. 

We claim that C is flat as an i?-module. The module C is finitely generated over 
R', and the semi-completion tp : R — ► R' is a local ring homomorphism. It follows 
easily that inf(fc ®^ C) = 0. Also, we have an equality fd^(C) = sup(fc ®\ C) 
from 3, (5.5.F)], and so it suffices to show amp(fc ®\ C) = 0. From (5.10)] 
we know that k ®^ C is dualizing for R' /mi?'. Since the ring R' /mR' is Cohen- 
Macaulay, this implies amp(fc Cg)^ C) = by [13, (3.7)] as desired. 

The ring Q is complete, and the local ring homomorphism r: Q — > R' is surjective 
with kernel generated by a Q-regular sequence x of length c. Using j2j (1.7)], the 
vanishing Extj~(C, C) = implies that there is a finitely generated Q-module B 
such that x is B-regular and C = R' ®q B = B/x.B. Let t\ : B — > B/xS = C 
denote the natural surjection. 

Now we construct the desired diagram guided by the following. 




R> kC + Q tx B 



The triangle in the diagram commutes by definition, and the upper square com- 
mutes bv ll.4l One checks readily that the map t' := r tx T\ : Q x B — > i?' tx C is a 
local ring homomorphism making the bottom square commute. 
The fact that the sequence x is Q-regular and -B-regular implies 

Tor^j (i?', Q tx B) ^ Tbr^ 1 (Q/xQ, Q tx B) = 0. 

Using the surjectivity of r one checks that the natural map Rl ®q Q —> R' is 
bijective. The construction of r' shows that Ker(r') is generated by the {Q x B)- 
regular sequence g(x) and the natural map R' ®q (Q k B) — ► i?/ X C is bijective. 
This implies that the natural map R' <£>q (Q tx B) — > i?' x C is bijective. 

As i?' and C are both i?-flat, we see that the composition ip' = f\oip = f\0£Rioip 
is flat. Also, the closed fibre of tp 1 is R'/mR' k C/mC. Because fe ®^ C ~ C/mC is 
dualizing for k <E)r R', we conclude that the closed fibre of ip' is Gorenstein. Thus, 
setting R" — R! k C and Q' = Q k B yields the desired diagram. □ 
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3.2. Proof of Theorem^ One implication follows immediately from the definition 
of CI-fdij(M). For the other implication, assume CI-fdji(M) < oo and fix a quasi- 
deformation R R' Q such that fdQ(i?' <g>^ M) < oo. Choose a prime ideal 
P e Mm R >(R'/mR') and set p = t^P). From [3 (5.1.F)] we conclude 

fdg P (R'p ®r M) = fd Qp ({R 1 ®l M)p) < 

One checks readily that the localized diagram R — R' P Qp is a quasi- 
deformation and that the closed fibre R P /mR P = (R 1 /mR')p is artinian. Thus, 
we may replace the original quasi-deformation with the localized one in order to 
assume that the closed fibre R' /mi?' is artinian and, hence, Cohen-Macaulay. 
Lemma 13.11 now yields a commutative diagram of local ring homomorphisms 

R — ^ R' Q 

f 9 

R" ^— Q' 

such that ip' is flat with Gorenstein closed fibre, r' is surjective with kernel generated 
by Q-regular sequence, the natural map Q' (£>q R' — > R" is bijective, and one has 
Tor^Q',^') = and dim(R"/mR") = dim(R' /mR') = 0. ft follows that the 

diagram R R" Q' is a quasi-deformation, and so it suffices to show that 
fd Q ,(R" ®% M) is finite. 

Note that the conditions Q' <S)q R' = R" and Tor> 1 (i?', Q') — yield an isomor- 
phism Q' <g>Q R' ~ R" . This yields the second equality in the following sequence: 

id Q '(R" ®x\ M) = m Q '{R" (R' ®^ Mj) 

= fd Q '((Q' ®^ R') ®& (R' ®lMj) 
= fd Q/ (Q' ^ (R' ®\ M)) 
^fd Q (R' O^M) 
< oo. 

The first equality follows from the commutativity of the displayed diagram. The 
third equality is tensor-cancellation. The first inequality is from [3l (4.2.F)], and 
the second inequality is by assumption. □ 

Remark 3.3. We do not know whether there is a result like Theorem [Fl for Cl-id. 
In fact, it is not even clear if, given an i?-complex of finite complete intersection 
injective dimension, there exists a quasi-deformation R — > R' <— Q such that Q 
is complete and idg(i?' ®^ M) is finite. The place where the proof breaks down 
is in the final displayed sequence: it is not true in general that the finiteness of 
idQ(i?' (g)^ M) implies idQ<(Q' (g>^ (R 1 ®\ M)) < oo. However, see Proposition l3~6l 

Before proving a version of Theorem|F]for upper complete intersection dimension, 
we require the following extension of a result of Foxby [19\ Thm. 1] for complexes. 
We shall apply it to the completion homomorphism £q \ Q — > Q. Recall that an 
i?-complex M is minimal if, for every homotopy equivalence a : M — > M, each map 
di : Mi — > Mj is bijective. 
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Lemma 3.4. Let Q — > Q' be a flat local ring homomorphism and N a homologically 
bounded Q-complex such that, for every prime p £ Spec(Q) such that N p 0, the 
fibre Q' ®g (Qp/pQp) is Gorenstein. If \dq(N) < oo, then id^(Q <8>q N) < oo. 

Proof. Within this proof, we work in the category of Q-complexes, as opposed to 
the derived category. In particular, a morphism of Q-complexes f:X — > Y is a 
"quasiisomorphism" if each map H„(/): H n (X) — > H n (Y) is bijective, and / is 
an "isomorphism" if each map f n : X n — » Y n is bijective. Quasiisomorphisms are 
identified by the symbol ~, and isomorphisms are identified by the symbol =. 

Set j = idg(TV) and let N a I be an injective resolution over Q such that I n = 
for all n < —j. From [7J (12.2.2)] there exist Q-complexes I' and I" such that I' 
is minimal and such that I" ~ and I = I' @ I" . It follows that I' is a bounded 
complex of injective Q- modules such that N ~ I', so we may replace I with /' in 
order to assume that / is minimal. 

Claim. Given a prime q G Spec(Q) such that N q ~ 0, we have 7 q = 0. To prove 
this, we start with the quasiisomorphisms I q ~ N q ~ and consider the natural 
morphism g : I — > 7 q . For each integer n, the module 7 n is isomorphic to a direct 
sum of injective hulls Eq(Q/p). Given the isomorphism of Q-modulcs 



E Q (Q/P) q 



= if p % q 

= E Q {Q/p) ifpCq 



it follows readily that each g n is a split surjection. From this we conclude that the 
complex J = Ker(g) is a bounded complex of injective Q-modules. Furthermore, we 
use the quasiisomorphism I q ~ in the long exact sequence associated to the exact 

sequence — > J — > 7 I q — > in order to conclude that /i is a quasiisomorphism. 
Because J and / are bounded complexes of injective Q-modules, it follows that h is 
a homotopy equivalence. Now, using [TT], (1.7.1)] we conclude that h is surjective 
and so I q = 0. 

From pjJl Thm. 1] the fact that the formal fibre Q' <8>q (Qp/pQp) is Gorenstein 
whenever N v c£ implies that each module Q' ®q /„ has finite injective dimension 
over Q'. Hence, the complex Q 1 ®q I is a bounded complex of Q'-modules of finite 
injective dimension. From the quasiisomorphism Q' (gig TV ~ Q' ®g / we conclude 
id Q/ {Q 1 ®^ N) = y&q, (Q> ® Q I) < co. ' □ 

In the conclusion of the next result, notice that R" is complete, and hence it has 
Gorenstein formal fibres. 

Proposition 3.5. Let (i?,m) be a local ring and M a homologically bounded R- 
complex. Then CV-idji(M) < oo if and only if there exists a quasi- deformation 
R — > R" <— Q' such that Q' is complete, the closed fibre R"/mR" is artinian, and 
Gorenstein, and idQi(R" ®^ M) < oo. 

Proof. For the nontrivial implication, assume CV-idn(M) < oo, and fix a quasi- 
deformation R — > R' ^- Q such that R' has Gorenstein formal fibres, R' /mi?' is 
Gorenstein, and idg(R' ®^ M) < oo. Choose a prime ideal P S MiiiRt(R' /xtiR') 
and set p = t _1 (P). We conclude from [3l (5.1.1)] that the quantity 

id Qp (R'p ®r M) = id Qp ((R' ®l M)p) 

is finite. Also, the ring R' P has Gorenstein formal fibres because R' has the same. 
Because the ring R' P /mR' P = (R'/mR')p is artinian and Gorenstein the proof 
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of Theorem |F] shows that we may replace the original quasi-deformation with a 
localized one in order to assume that the closed fibre R' /mR' is artinian. 

Completing our quasi-deformation yields the next commutative diagram of local 
ring homomorphisms 




As in the proof of Theorem [F] it suffices to show that the quantity 
id^CR 7 ®\ M) = \&q(Q ®^ (R' <g)£ M)) 

is finite. For each p e Spec(Q) such that (R' <g>^ M) p 0, we have p 3 Ker(r) 
because R 1 <g>^ M is an i?'-complex and r is surjective. For each such p, set p' = 
pi?' £ Spec(i?'). The fact that r is surjective yields an isomorphism of closed 
fibres Q ®q (Qp/pQp) — R' ®R' {R p > / p' R' p >) ■ In particular, each of these rings is 
Gorenstein by assumption. Thus, the finiteness of id ( j(Q <8>q (R' ®^ M)) follows 
from Lemma 13.41 □ 



We will see the utility of the next result in Theorem l5.2ljbl) . 

Proposition 3.6. Let (R, m) be a local ring and M a homologically bounded R- 
complex with finite length homology. Then CI-idft(M) is finite if and only if there 
exists a quasi-deformation R — -» R" <— Q' such that Q' is complete, the closed fibre 
R" /mR" is artinian, and id<g' (R" ®^ M) is finite. 

Proof. For the nontrivial implication, assume that CI-idft(Af) is finite and fix a 
quasi-deformation R — > R' ^- Q such that idQ (R' (g)^ M) < oo. Localizing as in the 
proof of Proposition 13.51 we may assume that the closed fibre R' /mR' is artinian. 
Because each R- module Hj(M) has finite length and the closed fibre R' /mR' is 
artinian, it follows that each module Hi(i?' ®\M) = R' <E>nHi(M) has finite length 
over R' and therefore over Q. In particular, there is only one prime p € Spec(Q) 
such that (R' <g>^ M) p 9^ 0, namely, the maximal ideal p = n C Q. Because the 
formal fibre Q(E>q Q/n = Q/n is Gorenstein, the argument of Proposition 13 . 51 shows 

that id ( j(i?' ®^ M) is finite. Hence the completed quasi-deformation R R' ^- Q 
has the desired properties. □ 

The next result follows from Propositions 13.51 and 13.61 via the proof of [HI (1.13)]. 

Corollary 3.7. Let R be a local ring and M a homologically bounded R-complex. 

(a) One has Cl*-id R (M) < 00 if and only if CI*-id^(R ®% M) < 00. 

(b) If M has finite length homology, then one has Cl-idu(M) < 00 if and only if 
CI-id R (R®^M) < 00. □ 

4. Stability Results 

This section documents some situations where combinations of complexes either 
detect or inherit homological properties of their component pieces. We start with 
partial converses to parts of [T51 (2.1)] which are useful, e.g., for Theorem [O© . 
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Proposition 4.1. Let R be a local ring and C a semidualizing R-complex. Let M 
and N c£ be homologically finite R- complexes with pd R (N) < oo. 

(a) IfM ®£ N G A C (R) or RRom R (N, M) G ^c(^), then M G ,4 C (-R). 

(b) //M ®% JV G Sc(-R) or RHom fl (iV, M) G Bc(-R), then M G 

Proof. We prove part jaj. The proof of jbj is similar. 

Assume first that M ® R N is in A C (R)- This implies that (C <g>^ M) <g>^ ~ 
C ®^ (M ® R N) is homologically bounded, so [HI (3.1)] implies that C ®\ M is 
homologically bounded. (The corresponding implication in the proof of (JbJ) uses 
tensor-evaluation (|1.2[) .) 

We consider the following commutative diagram wherein the unmarked isomor- 
phism is tensor-associativity and oj ccm is tensor-evaluation (|1.2p . 

M ®\ N 7M ® gjV ^ (C ®£ RHom fi (C, M)) ®^ JV 

7° L 

'm«^jv — 

C ®£ RHom fi ((7, M ®£ AT) , c ®^cm q ^ ( RHomfl ( Cj M) ®\ N) 

Because 1m® 1 - n lii an isomorphism, the diagram shows that the same is true of 
7m ®r and so [25J (2.10)] implies that 7 M is an isomorphism. 

Assume next THIom R (N, M) G .4c (-R)- Remark 11.31 savs that RHoniR(iV, i?) is 
a homologically finite i?-complex of finite projective dimension such that 

RHom^AT, M) ~ RHom fl (AT, i?) (g>^ M. 
Hence, using RHom^(iV, R) in place of AT in the first case, we find M £ ,4c D 

The following result paves the way for Proposition 14. 31 which is used in the proof 
of Theorem OEJ- 

Lemma 4.2. Let R be a local ring and C a semidualizing R-module. For each 
homologically bounded R-complex M , the following conditions are equivalent. 

(i) G-pd R (M) is finite. 

(ii) G-fdfl(M) is ^ra'te. 

(iii) i? ®^ M is in A DR {R). 

Proof. ^ (fmf . When M is a module, this is proved in [ISJ (3.5)]. For the 
general case, let F ~ A/ be an i?-flat resolution of M. It follows that i? 0^ F ~ 
i? ®^ M is an i?-flat resolution of R ® R M . Each Fj is a flat i?-module and is 
therefore G-flat over i?. Thus, the quantity G-fd^(M) is finite if and only if the 
kernel Ki = Ker(df) has finite G-flat dimension over R for some (equivalently, 
every) i > sup(M). 

Fix an integer i > sup(M) and consider the following truncations of F 

F'= O^Ki^Fi^ Fi-t -» • • ■ 
= — > — ► Fi -»■ -»■ • • • . 

Our choice of i implies F' ~ M, and so R® R F' ~ R® R M. It follows that -R<g>^M 
is in .Apj^-R) if and only if i?(g>^F' is in ^^(i?). The complexes from the display 
fit into an exact sequence as follows 
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and applying R (£> R — to this sequence yields a second exact sequence 

-> R ® R F^ t -> R ® R F' -» Y. i+1 R® R K t -> 0. 

The complex R (£> R F^i is a bounded complex of i?-flat modules, and so it is in 
A d h (R) by Remark 11.131 A standard argument using the exact sequence implies 
that R® R F' is in A DR (R) if and only if Z i+1 R ® R Ki is in A D s. (R)- That is, the 
complex R ®^ M is in A d r (R) if and only if R ® R Ki is in A DR (R). 

From the first paragraph of this proof, we know that G-td R (M) is finite if and 
only if G-id R (Ki) is finite. From [HI (3.5)], we know that G-fd R (Ki) is finite if and 
only if R £g)^ Ki is in A DR (R) . And the second paragraph shows that R ®^ Ki is in 
A D a(R) if and only if R® R M is in A d r(R). Thus, the equivalence is established. 

The proof of (JuJ (|mj) is similar using a projective resolution P ~ M. □ 

Proposition 4.3. Let R be a local ring and C a semidualizing R-module. For each 
homologically bounded R-complex M , the following conditions are equivalent. 

(i) Gc~pd R (M) is finite. 

(ii) G c -id R {M) is finite. 

(iii) R ®^ M is in A RHomR[5 DR) (R). 

(iv) Gg-pd^R <g># M) is finite. 

(v) G d -id^{R®\M) is finite. 

Proof. The equivalences (fin]) (jrv)) ■<=>• (jvj) are in Remarks II. Ill and II. 141 

(JTTJ) <^=> (jvj) We start by showing that G-id Rt< c{M) is finite if and only if i?®^M 
is in A DR -^c(R k C). One verifies the following isomorphisms readily 

R = Rt*C ®fl K c - ^^C , ®kkc # 
and from this, we have 

Hence, the desired equivalence follows from Lemma U2J 

From Remark 11.111 we have Gc~fd R (M) — G-td Rt< c(M). The previous para- 
graph tells us that G-id Rt< c{M) is finite if and only if R®\M is in A DR ^c (R K C). 
One readily verifies the isomorphism R x C = RkC and so Gc~id R (M) < oo if and 
only if R ®^ M G A DRK e(R * C*). Using Remark H~i4l we conclude that R®\M 
is in A d r k c(R k C) if and only if G-fd^ K g(i? ®^ M) is finite, that is, if and only 

if G £ Ad R (R (g>£ M) is finite. 

The equivalence (jij -<=>• (|rv|) is verified similarly. □ 

The remaining results of this section deal with stability for complete intersection 
dimensions. The first one is used in the proof of Thcorem l5.2l[b|) . 

Proposition 4.4. Let R be a local ring and let M and N be homologically bounded 
R-complexes with fd R (N) < oo. 

(a) //CI-fd fl (M) < oo, then CI-id R (M <g>^ N) < oo. 

(b) //CI-idfl(M) < oo, then Cl-id H (M <g>% N) < oo. 

(c) IfCT-id R {M) < oo, then CI*-id fl (M ®^ N) < oo. 
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Proof, (jaj) Let R — > i?' <— Q be a quasi-deformation such that fdg(i?' ®^ M) < oo. 
The finiteness of fd R (N) implies fd R > (R'® R N) < oo by 3, (4.2)] and so 13, (4.1.F)] 
provides the finiteness in the next display 

fd Q (R' ® R (M ® R N)) = {d Q ({R' ® R M) ®\, (R' ® R N)) < oo. 

Hence, we have Cl-fd R (M ®^ N) < oo by definition. 

Parts (0 and (jcj) are proved like (jaj) using [3j (4.5.F)]. □ 

Proposition 4.5. Let R be a local ring with Gorenstein formal fibres. Let M be a 
homologically finite R- complex and let N be homologically bounded R- complex with 
id R {N) < oo. 

(a) // CI-fdfl(M ) < oo, then CI*-id i j(RHom ii (M, N)) < oo. 

(b) IfCT-id R (M) < oo, then CI4d R (mioui R (M , N)) < oo. 

Proof, (jlj) Use Theorem [F] to find a quasi-deformation R — > R' <— Q such that 
R'/mR' is Gorenstein and fdg(i?' ® R M) < oo. Because R has Gorenstein formal 
fibres, we learn from [31 (4.1)] that R' has Gorenstein formal fibres and, for each 
prime p £ Spec(ii), the fibre R' ® R (R p /pR p ) is Gorenstein. Using [19l Thm. 1] as 
in the proof of Proposition 13 . 51 we conclude that id,R'(i?' 0^ N) is finite. 

Because M is homologically finite and R' is flat over R, tensor-evaluation (jT72j) 
yields the first isomorphism in the following sequence: 

R' ®^ RHom jR (Af, N) ~ RHom fl (M, R' ® R N) 

~ RHom fi (M, RHom fl « (R', R 1 ® r N)) 

~ RHomfl/ (i?' ®^ M, R' ®\ N). 

The second isomorphism comes from the fact that R' ®^ N is an i?'-complex, and 
the third isomorphism is Hom-tensor adjointness. This sequence yields the equality 
in the next sequence and the finiteness is from (3j (4.1.1)]: 

id Q (R' ® R RHomii(M, N)) = idg (RHomff (R 1 ® R M, R' 0^ N)) < oo. 

Hence, we have CI-id#(RHoniR(M, TV)) < oo by definition. 

Part Jbj) is proved like (jaj) using O (4.5.1)]. □ 

The previous result yields the following behavior of complete intersection dimen- 
sions with respect to "dagger-duality" . 

Corollary 4.6. Let R be a local ring admitting a dualizing complex D, and let M 
be a homologically finite R-complex. 

(a) We have CI-fdji(M) < oo if and only if CP-id^RHom^Af, D)) < oo. 

(b) We have CP-id R (M) < oo if and only if CI-fd^RHom^M, D)) < oo. 

Proof. Because R admits a dualizing complex, it has Gorenstein formal fibres by [261 
(V.3.1)]. So, if CI-fd R (M) < oo, then CI*-id jR (RHom ii (Af, D)) < oo by Proposi- 
tion HTHjaj) . Conversely if CI*-idfl(RHornfj(M, D)) < oo, then the isomorphism 

M ~ RHomi{(RHomfl(M, D), D) 

from Remark 11.91 implies Cl-£d R (M) < oo by Proposition I4.5l|b)) . This establishes 
part (jaj), and part (jb| is proved similarly. □ 

Proposition 4.7. Let R be a local ring. Let M be a homologically finite R-complex 
with pd R (M) < oo and let N be homologically bounded R-complex. 
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(a) IfCl-fd R (N) < oo ; then CI-fd fl (RHom jR (M, N)) < oo. 

(b) IfCl-id R (N) < oo, then CI-id i? (RHom fl (M, N)) < oo. 

(c) IfCr-id R (N) < oo, then Cl*-id R (KHom R (M,N)) < oo. 

Proof. Remark 11.31 says that RHoniff(M, R) is a homologically finite i?-complex 
of finite projective dimension such that RHom R (N,M) ~ HHom R (N,R) ® R M. 
Hence, the desired result follows from Proposition 14.41 □ 

5. Complete Intersection Dimensions and Foxby Classes 

The first result of this section contains Theorem [D] from the introduction. 

Theorem 5.1. Let R be a local ring and fix a homologically bounded R- complex 
M and a semidualizing R- complex C . 

(a) IfCl-id R (M) < oo, then M e A C (R)- 

(b) If C is a module and CI-fd^(M) < oo, then Gc-fd R (M) < oo. 

(c) If M is homologically finite and CTdim^(M) < oo, then Gc-dim R (M) < oo. 

Proof, (jaj) Assume Cl-id R (M) < oo, and use TheoremlFlto find a quasi-deformation 
# -» R' <- Q such that Q is complete and td Q (R' ® R M) < oo. From [24, (4.2)] 
there is a semidualizing Q-complex B such that R' <8>q B ~ R' ®^ C The finiteness 
of fd Q (i?' ®^ M) implies R' ® R M 6 ^s(Q), and so i?' ®% M e ijj^L = 
A Rr ^L C (R'), and hence M € Ac{R)] see Remark Tl. 131 

(JbJ) and (jcj) The assumption CI-fd^M) < oo implies Cl-id R (R ® R M) < oo 
by Remark 12.51 If D R is dualizing for R, then part (jlj) implies that R <3 R M is in 
"^R.Hom~(c When C is a module, Proposition ^. 31 implies Gc-fdfl(M) < oo. 

When M is homologically finite, Remark 11.151 implies c ,-dim(i? <3 R M) < oo, 

and so G c -dim R (M) < oo by [H (5.10)]. □ 

Theorem 5.2. Let (R,m,k) be a local ring and fix a homologically bounded R- 
complex M and a semidualizing R- complex C . 

(a) IfCl*-\d R {M) < oo, then M e B C {R). 

(b) If M is homologically finite and Cl-id R (M) < oo, then M S Bc(R)- 

(c) Assume that R admits a dualizing complex D R and that C is a module. If 
either CI*-idij(M) < oo or M is homologically finite and CTid^(M) < oo, 
then Gc-id R (M) < oo. 

Proof, (jlj) This is proved like Theorem 15. ll jgj) using Proposition 13.51 

(|bj) Let K be the Koszul complex over J? on a minimal generating sequence for 
the maximal ideal m. The conditions fd R (K) < oo and CI-idij(M) < oo imply 
CI-id fl (M ® R K) < oo by Proposition g^t© • As the homology H(M ® R K) is a 
finite dimensional vector space over k, Proposition 13.61 yields a quasi-dcformation 
R -» R" <- Q' such that Q 1 is complete and id Q >{R" ® R (M ® R K)) is finite. 
Arguing as in the proof of Theorem l5.ll (jlj) we conclude that M ® R K is in Bc{R), 
and so Proposition 14. l(|b|) implies M G Bc(R)- 

(jg) By parts (jlj) and (JEJ), the assumptions imply that M is in B RH om R (c.n«)(-R)j 
and from Remark 1 1.141 we conclude Gc~id R (M) < oo. □ 

Questions 5.3. Does the conclusion of Theorem l5.2fp j) also hold if we replace the 
assumption CT-id R (M) < oo with CI-idfl(M) < oo? (c.f. 12.91 ) Does the conclusion 
of Theorem I5.2[j c~j) hold if we do not assume that R admits a dualizing complex? 
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5.4. Proof of Theorem^ We start with the forward implication of (jaj). Assume 
CI-fdfl(M) < oo and use Theorem |F] to find a quasi-deformation i? — ► R' < — Q 
such that Q is complete, R 1 /mi?' is Gorenstein, and fdQ(i?'<g>^M) < oo. Note that, 
since Q is complete, the same is true of R', and so R' has Gorenstein formal fibres. 
Because (p is flat with Gorenstein closed fibre, we know that R' ®^ D R is dualizing 
for R' by Remark If .61 As Q is complete, it admits a dualizing complex . Again 
by Remark 11.61 the fact that r is surjective with kernel generated by a Q-regular 
sequence implies that R' (gig D Q is dualizing for R' and so R' (g>g D Q - R' ®^ D R 
by [26l (V.3.1)]. After replacing with Y. l D® for an appropriate integer i, we 
assume without loss of generality R 1 ®\ ~ i?' (g>^ -D fl . 

Theorem 15. llj a| implies that M is in ^^^(i?), and so D R ®\M is homologically 
bounded. Because fdq(i?' ®\ M) is finite, we know that id Q {D Q ®^ (R' ®^ M)) 
is finite as well by [3J (4.5. F)]. Hence, the following sequence of isomorphisms 

D Q ®% (R' <gs£ M) ~ (D Q ®^ i?') ^ M ~ (i?' ®£ £> fl ) <g)£ M ~ i?' <g>£ (D K ®£ M) 

yields id Q (i?'(g>^(L' i? (8)^M)) < oo. By definition, we have Cr-id^-D^g^M) < °°. 

We continue with the forward implication of jbj. Assume CT-idfl(M) < oo 
and use Proposition 13.51 to find a quasi-deformation R — > J?' ^- Q such that Q is 
complete, R' /mi?' is Gorenstein, and idg(i?' Cg)^ M) < oo. As above, the ring Q 
admits a dualizing complex such that i?' ig>^ -D^ ~ i?' €5^ -D fl . 

Theorem 15. lfe j) implies M € B d r(R), and so RHoiriR(D , M) is homologically 
bounded. As id,g(i?' <g)^ M) is finite, we know that fd Q (RHomQ(i) < 3, i?' ®^ M)) is 
finite as well by [3J (4.5.1)]. Hence, the following sequence of isomorphisms 

RHom Q (D Q , i?' (g)^ M) ~ RHom Q (D Q , RHom^ (i?', i?' ®% M)) 

~ RHom^ (D Q ®^ i?', R' ®£ M) 

~ RHom fl( (D R ®£ i?', i?' (g>^ M) 

~ RHom a (D B , RHom fi , (i?', R' ®^ M )) 

~ RHom fl (D fl ,i?' ®\M) 

~ i?' RHom fl (L> fl , M) 

yields fdQ(i?'^RHom fl (D fl ,M)) < oo and so CI-fd fi (RHom K (D fl , M)) < oo. 
The first and fifth isomorphisms arc Horn-cancellation; the second and fourth iso- 
morphisms are Hom-tensor adjointness; the third isomorphism is from our choice 
of D®; and the last isomorphism is tensor-evaluation (|1.2p . 

For the reverse implication of jlj), assume Cl*-id R (D R ®\M) < oo. From 
the forward implication of (|b| we conclude CI-fd(RHomfl(£> fl , D R ®\ M) < oo. 
Theorem I5.2f [aj) implies D R ®^ M £ Br)n(R), and so there is an isomorphism 

M ~ RHom(L> /? , D R ®\ M). 

Thus, we conclude CI-fd fl (M) = CI-fd(RHom fl (D fl , D R ®\ M)) < oo. 

The proof of the reverse implication of (jb| is similar. □ 

Question 5.5. In Theorem|El can we replace CI*-id with Cl-id? (c.f. 12.91 ) 

Remark 5.6. Foxby equivalence is often described in terms of a diagram, as in (T3J 
(4.2)]. We show how Theorem [El adds to this diagram. Let i? be a local ring admit- 
ting a dualizing complex D R . Let G1-T{R) and CI*-J(i?) denote the full subcate- 
gories of £>b(i?) consisting of the complexes M with, respectively, CI-fd^(M) < oo 
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and CI*-idfl(M) < oo. Using Theorems IE ] 15. lf faj) and l5.2f [aj) in conjunction with [T3l 
(4.2)], we find that there is a commutative diagram 

V(R) V(R) 

RHom B (fl s ,-) 

Ad« (R) , B d r (R) 

CI-T(R) ; CI*-J(i?) 



T(R) —~ I{R) 

where the vertical arrows are the natural full embeddings. 

The next result is the special case of Theorem [Ej wherein R is dualizing for R. 

Corollary 5.7. Let R be a local Gorenstein ring and M a homologically bounded 
R-complex. Then CI-fd^M) < oo if and only if CI* -id R (M) < oo. □ 

6. Complete Intersection Dimensions over Local Homomorphisms 

We begin this section with relative versions of parts of Theorems 15.11 and 15.21 

Theorem 6.1. Let tp: R —> S be a local ring homomorphism and fix a homologically 
finite S-complex M and a semidualizing R-complex C . 

(a) If Cl-dim v (M) < oo, then M G A C (R) and G c -dim v (M) < oo. 

(b) //CI-id^M) < oo, then M G B C (R)- 

Proof, (jlj) The finiteness of CI-dim^(M) yields a Cohen factorization R — > R' — » S 
of the semi-completion <p: R — > S such that CTdimfl'(S' (g)^ M) < oo. Hence, 
Theorem 15-lHj ci]) guarantees 

(f) S (8)5 M G Ab{R') for each semidualizing S-complex B. 

This yields S® jM G A R ,^ c i R ')- Remark HTTSl implies S8%M G A C (R). Arguing 
as in the proof of [131 (5. 3. a)] we deduce M G Ac(R) and hence (jlj). The ring R' 
is complete, and so admits a dualizing complex D. Again using we conclude 
S M G A RHomRl{R ,^ c ,n){R') and so G c -dim v (Af) < oo by 

Part (jb|) is proved like part (jlj), once we note that Theorem l5.2ljbj) applies because 
S M is homologically finite over R'. □ 

Theorem lAl is the special case C = R and M = T of the next result. 

Theorem 6.2. Let tp: R —> S and ip: S — > T &e ZocaZ ring homomorphisms, and 
let C be a semidualizing R-complex. Fix a homologically finite T -complex M. If 
CI-dim^,(Af) and Gc-dim(<ys) are finite, then Gc-dm\^, v {M) is finite. 

Proof. Step 1. Assume that R is complete, the maps (f and tp are surjective, and 
the quantities Gc-dirn^S) and CI-dims(M) are finite. We show Gc-dim^(M) is 
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also finite. Note that M is homologically finite as an S'-complex. Let D R be a dual- 
izing complex for R. Using (|2.2.3|) and (|2.2.4| . the finiteness of Gc-dimfl(S) implies 
that S is in -4 RHonlfl ( C d r^ (R) and that S (g^ RHom#(C, D R ) is a semidualizing 
S'-complex. Using Theorem 15 .lfj aj). the finiteness of CI-dims(M) implies that M is 
in 4»j i RHom ii (cj'' )( g )- From Remark HHl we conclude M e A RHomn{c ,D*)(R), 
and so Remark 1 1 . f 51 implies Gc-dim^(M) < oo. 

Step 2. We prove the result when the rings R, S, and T are complete. Because 
T is complete, the finiteness of CI-dim^(M) provides a Cohen factorization 

such that CI-dims'(M) < oo. Fix a Cohen factorization 

R^R'^US 

of ip. From [HI (1.6)] we conclude that there exists a Cohen factorization 

R' A R" *U S' 

of -0 ° f' such that S' = R" <E)r> S. The flatness of R" over R implies 

(t) 5' s i?" ® R , S ~ i?" ®£, s. 

These maps fit into the next commutative diagram of local ring homomorphisms 

R" 




the outer arcs of which describe a Cohen factorization of the composition iji o ip. 

Let D R be a dualizing complex for R' . As p is flat with Gorenstein closed fibre, 
Remark ll.6l implies that D R = R" g)^, D R is dualizing for R". The finiteness of 
Gc-dim((p) implies 

by (|2.2.3p . Hence, we deduce the following membership from Remark 11.131 

S' ~ i?" (8^/ 5 e ■Aij'/gL /RHomK; ( i j, lgl L C)£ ,B'- ) (-R') 

while the isomorphism is from ffl. The following sequence of isomorphisms helps 
us make sense of the semidualizing i?"-complex R" g)^, RHonifl'(i?' gi^ C, £> fl ): 

R" ®r, BH.am R ,(R' ®£ C, D R ') ~ RHo mj?/ (i?' <g)£ C, fl" L> fl ') 

~ RHom fl /(i?' ®\ C,D R ") 

~ RHomfl/ (i?' <g>£ C, RHom B « (#", £> fl " )) 

~ RHomfl" (-R" <8>£, i?' ®n C, D R ") 

~ RHom fi »(i?" C, L> fl "). 
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The first isomorphism is by tensor-evaluation (II. 2|) ; the second one is from the 
definition D R = R" ®\, D R ; the third one is Horn-cancellation; the fourth one 
is Hom-tensor adjointness; the fifth one is tensor-cancellation. This sequence, with 
the previous display, provides 

& £ ^RHom J1 «(R"®^C,D R ")(^ ) 

and we conclude G R n^ c -dim.Ri: (5") < oo by Remark 11.151 Using the condition 
CI-dims'(Af) < oo, Step 1 implies G R ,, 8 L C -dimfl» (M) < oo. Because the diagram 

R R" T 

is a Cohen factorization of tp o ip, this implies Gc-dim^ olp (M) < oo, as desired. 

Step 3. We prove the result in general. The conditions Cl-dira,/, (M) < oo and 
Gc-dim(<^) < oo imply CI-dim^(T<g>^M) < oo and Gg 8Lc -dim(<p) < oo by (|2.2.2|) 
and (|2.14.2I) . From Step 2, we conclude 

G R®-c- di ™^(T ®r M) = G^-dim^T ®^ M) < 
and so G c -dim^, 01/ ,(Af) < oo by (|2~2~2"j) . □ 

Remark 6.3. Iyengar and Sather-Wagstaff [28], (5.2)] prove the following decom- 
position result: If ip: R — > 5 1 and tp: S T are local ring homomorphisms such 
that ip o ip has finite Gorenstein dimension and ?/> has finite flat dimension, then tp 
has finite Gorenstein dimension. We do not know whether the conclusion in this 
result holds if we only assume that ip has finite complete intersection dimension. 

6.4. Proof of Theorem [21 For the forward implication, assume CI-id(y3) < oo. 

Consider a Cohen factorization R — > R' — — * S of the semi-completion ip such 
that CI-idfl'(5) < oo. This provides a quasi-deformation R' R" A Q such that 
idq(i?" 5) < oo. The map ip' : R' — > 5 is a surjective local ring homomorphism, 
so the same is true of the base-changed map R" ®r> <p' : R" — > i?" ®_r/ 5. Thus, the 
composition (i?" ® R i ip')or : Q — > i?" (g)^/ S 1 is a surjective local ring homomorphism 
of finite injective dimension. Using a result of Peskine and Szpiro |31[ (II.5.5)], we 
conclude that Q is Gorenstein. Because r is surjective with kernel generated by a 
Q-regular sequence, this implies that R" is Gorenstein. Hence, the flatness of the 
composition a op' : R — > R" implies that R is Gorenstein. Because Q is Gorenstein, 
a result of Levin and Vasconcelos [30j (2.2)] says that the finiteness of idQ (R" CS>_r' S) 
implies pdg(i?" ®.r' S) < oo. By definition, we conclude Cl-dim^) < oo. 

For the converse, assume that R is Gorenstein and Cl-fd(ip) is finite. Fix a Cohen 

factorization R ^ R' -^-> S oi <p such that CI-fd#< (S*) < oo. Since R is Gorenstein 
and is flat with regular closed fibre, we know that R' is Gorenstein. Remark 12.81 
and Corollary 15 . 71 implies CI-id^'(5) < oo, and so Cl-id(ip) < oo. □ 

Theorem [C] from the introduction is contained in Corollary 16.71 which we prove 
after a definition and a remark. 

Definition 6.5. A local ring endomorphism cp; R — > R is a contraction if, for each 
element x £ m, the sequence {</?™(x)} converges to in the m-adic topology. 

Remark 6.6. If R is a local ring of prime characteristic, then the Frobenius endo- 
morphism ip: R — > R is a contraction. 
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Corollary 6.7. Given a contraction ip: R — > R, the following are equivalent. 

(i) R is a complete intersection. 

(ii) Cl-id(ip l ) is finite for some integer i ^ 1. 

(iii) CI-id(iy9 l ) is finite for each integer i ^ 1. 

Proof. The implication (JTJ) =>■ (InTj) follows from (|2.14.1|) . and the implication 
(ED) © i s trivial. For ([n]) ==> ([!]), apply TheoremlBlto conclude that Cl-dim^ 1 ) 
is finite and then [III (13-5)] implies that R is a complete intersection. □ 

Corollary 6.8. Let ip: R — > 5 and ip: S ^ T be local ring homomorphisms, and 
let C be a semidualizing R-complex. 

(a) has finite Gc-dimension andip has finite complete intersection infective 
dimension, then C is dualizing. 

(b) // ip has finite Gorenstein dimension and ip has finite complete intersection 
injective dimension, then R is Gorenstein. 

Proof, (jaj) The finiteness of Cl-id(ijj) implies that S is Gorenstein by Theorem \B\ 
and so S is Gorenstein. Let D be a dualizing i?-complex. Because Gc-dim(ip) 
is finite we know that S is in ^RHom-(^® L CD)(^) (|2.2.3p . and so (|2.2.4p im- 
plies that the ^-complex S ® ~ RHom^(i? <g>^ C, D) is semidualizing. Because S is 
Gorenstein, we have the following isomorphism from |13[ (8.6)]. 

S ~ S (g>~ RHom^ C, D) 

One concludes readily (using Poincare series, say) that there is an isomorphism 

^-RHom^(fi ®\ C,D). 

Apply the functor RHom^(— , D) to this isomorphism to justify the second isomor- 
phism in the next sequence: 

D ~ RHom^(^, D) ~ RHom^(RHom^(i? ®\ C, D), D) ~R®\C. 

The first isomorphism is Horn-cancellation, and the third one is from Remark ll.9l 
Now apply Remark 1 1.61 to conclude that C is dualizing for R, and so (I2.2.5|) implies 
that the composition -0 o ip has finite Gc-dimension. 

(|b]) Apply part (jsj) in the case C — R. □ 
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